ON THE MODULI SPACE OF SEMI-STABLE PLANE SHEAVES WITH 
HILBERT POLYNOMIAL P(m) = 6m + 2 



MARIO MAICAN 

Abstract. We study the Simpson moduli space of semi-stable sheaves on the complex 
projective plane that have dimension 1, multiplicity 6 and Euler characteristic 2. We 
describe concretely these sheaves as cokernels of morphisms of locally free sheaves and 
we stratify the moduli space according to the types of sheaves that occur. 
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1. Introduction 

Let Mp2(r, x) denote the moduli space of Gieseker semi-stable sheaves on P 2 (C) with 
Hilbert polynomial P(m) = rm + x, r and x being fixed integers, r > 1. Le Potier [6] 
found that Mp2(r, x) is an irreducible projective variety of dimension r 2 + 1, smooth at 
points given by stable sheaves and rational if x = 1 or 2 mod r. In [2], [9] and [10] 
a complete description of semi-stable sheaves giving points in M P 2(4, x), M P 2(5,x) and 
M P 2(6,1) was found. These moduli spaces were shown to have natural stratifications 
given by cohomological conditions on the sheaves involved. Here we are concerned with 
M P 2(6, 2). We describe all semi-stable sheaves giving points in M P 2(6, 2) and we decompose 
this moduli space into five strata: an open stratum Xq; a locally closed stratum that is the 
disjoint union of two irreducible locally closed subsets X\ and X2, each of codimension 
3; a locally closed stratum that is the disjoint union of two irreducible locally closed 
subsets X 3 and X 4 , each of codimension 5; an irreducible locally closed stratum X 5 of 
codimension 7 and a closed irreducible stratum X 6 of codimension 9. For some of these 
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sets we have concrete geometric descriptions: X\ is a certain open subset inside a fibre 
bundle with fibre P 20 and base N(3, 4, 3) x P 2 , where N(3, 4, 3) is the moduli space of semi- 
stable Kronecker modules /: 4(9(— 2) — > 30(— 1); X 3 is an open subset of a fibre bundle 
with fibre P 22 and base Y x N(3, 2, 3), where Y is the Hilbert scheme of zero-dimensional 
subschemes of P 2 of length 2 and N(3, 2, 3) is the moduli space of semi-stable Kronecker 
modules /: 20(— 1) —> 30; X 5 is an open subset of a fibre bundle with fibre P 24 and 
base P 2 x Y\ the closed stratum Xq is isomorphic to the universal sextic in P 2 x P(S 6 V*). 
The following table contains a description of each Xi by cohomological conditions. The 
third column of the table lists all sheaves giving points in Xj. The sets W of morphisms 
(p are acted upon by the algebraic groups of automorphisms of sheaves and in each case, 
apart from Xq, the geometric quotient is Xi. The points given by properly semi-stable 
sheaves are all in X , which is why this stratum cannot be a geometric quotient of the 
set of morphisms. The table below is organised as the table in the introduction to [TU] . 
to which we generally refer for notations and conventions. 

Let CcP 2 denote an arbitrary smooth sextic curve and let Pi denote distinct points 
on C. The generic sheaves in X± are of the form Oa{^){Pi + • • • + P% — P7), where 
Pi, . . . , Pq are not contained in a conic curve. The generic sheaves in X3 have the form 
Oc (2) ( — P\ — P2 — P3 + Pa + P5 ) , where Pi , P2 , P3 are non-colinear . The generic sheaves in 
X4 are of the form (9c(l)(Pi + • • • + P5), where Pi, . . . , P5 are in general linear position. 
The generic sheaves in X5 are of the form Oc{2) (Pi — P2 — P3). The sheaves giving points 
in Xq are of the form (9^(2) (-P), (in this case C need not be smooth). 

2. The open stratum 

Proposition 2.1. Every sheaf J 7 giving a point in M P 2(6,2) and satisfying the condition 
h 1 (J r ) = also satisfies the conditional (^(—l)) = 0. For these sheaves h° (J 7 (^^(l)) = 
or 1 . The sheaves from the first case are given by resolutions of the form 

(i) 0^4C(-2) ^ 20(-l) © 20 ^ J^^O, 

where if is not equivalent, modulo the action of the natural group of automorphisms, to a 
morphism represented by a matrix of the form 
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The sheaves in the second case are precisely the sheaves with resolution of the form 

(ii) — ► 4C(-2) © Q(-l) -A 3£>(-l) © 20 — ► J 7 — ► 0, 

where (fiu — 0, ipn is semi-stable as a Kronecker V -module and ip<ii has linearly indepen- 
dent entries. 

Proof. The first statement follows from 6.4 [7j. The rest of the proposition follows by 
duality from 4.3 op.cit. □ 
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cohomological 
conditions 


W 


X 


hV(-i)) = o 

h 1 ^) = 


— > 40(-2) -A 2C(-1) © 20 — ► J 7 — ► 
(/? is not equivalent to a morphism of any of the forms 
[★ ] [★★00] [ ★ * * ] 

★ * * * * * ★★★0 

★ * ★ ★ ' * ★ ★ * ' ★★★0 

★ ★ ★ ★ ★ ★ ★ ★ * * * * 


x l 


h°(J-(-l)) = 
h^JT) = 

h ^®^)) = 1 


— > 40(-2) © 0(-l) -A 30(-l) © 20 — > T — > 
^12 = 0, 9311 and 1^22 are semi-stable as Kronecker modules 


x 2 


hV(-i)) = o 
h 1 ^) = i 
h°(T®n\i)) = i 


— > 0(-3) © 0(-2) © 0(-l) 30 — > T — > 
(/9 is not equivalent to a morphism of any of the forms 

★ ★ ★ * ★ * ★ * * 

★ ★ , * ★ , ★ ★ ★ 

★ * * * * 


x 3 


h°(J-(-l)) = 

h 1 ^) = i 


— > 0(-3) © 0(-2) © 20(-l) 0(-l) © 30 — ► J 7 — ► 
ipis = 0, 9912 7^ and does not divide <pu 
f23 has linearly independent maximal minors 




hv(-l)) = 1 
h 1 ^) = 1 


— > 0(-3) © 20(-2) ^> 20(-l) © 0(1) — > J 7 —> 
ip is not equivalent to a morphism of any of the forms 
[★00] [ * * ] [00*] [ * * ] 

★ ★ ★ , * * , ★ ★ ★ , * * 

★ ★ ★ * * * ★ * ★ * * * 


x 5 


hV(-i)) = i 

h ^®^)) =4 


— > 20(-3) © 0(-l) -A 0(-2) © © 0(1) — ► T — > 
9911 has linearly independent entries 
(f22 7^ and does not divide 9932 


X 6 


h°(J-(-l)) = 2 
h^JT) = 3 

h° = 6 


— >• 0(-4) © — ► 20(1) — > T — > 
9912 has linearly independent entries 
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Let W = Hom(4C(-2), 20(-l) ©2£>) and let W C W be the set of morphisms ip from 
!2lTi). Let 

G = (Aut(4C(-2)) x Aut(2C(-l) © 20))/C* 

be the natural group acting by conjugation on Wo. Let X C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves T as in I2.1( i). This set is open and dense. 

Proposition 2.2. There exists a categorical quotient of W by G and it is isomorphic 
to X . 

Proof. We have a canonical morphism p: Wq — > Xq mapping (p to the stable-equivalence 
class of Coker({p). As at 4.2.1 [2J, p(<pi) = p(p>2) if and only if Gp>\ fl Gip2 ^ 0. Thus any 
Go-invariant morphism of varieties / : Wq — > Y factors through a unique map g : X — > Y. 
To show that p is a categorical quotient map we use the method of 3.1.6 [2J. For any 
sheaf J 7 giving a point in X we need to obtain resolution 2.1 (i) in a natural manner 
from the Beilinson spectral sequence converging to J 7 . We prefer, instead, to work with 
the Beilinson sequence of the dual sheaf Q = J rD (l), which gives a point in Mp2(6,4). 
Diagram (2.2.3) [2] takes the form 

20(-2) • 

20(-l)— AO 

The exact sequence (2.2.5) [2] takes the form 

— > 2C(-2) ^ Coker{<p 4 ) — ► Q — ► 0. 

According to (2.2.4) [2J, y?4 is injective. We now easily get the exact sequence dual to 
2.1(i): 

— > 20(-2) © 20\-\) — >AO — >G — >-0. □ 

Proposition 2.3. If J 7 is properly semi-stable and Pj-(t) = Qt + 2, then J 7 gives a point 
in Xq. 

3. The codimension 3 stratum 

Let Wi = Hom(4C(-2)©C(-l),3C(-l)ffi2C) and let W 1 C Wi be the set of morphisms 
tp from l2.lT ii). Let 

Gx = (Aut(4C(-2) © 0{-l)) x Aut(3C(-l) © 20))/C* 

be the natural group acting by conjugation on Wi. Let Xi C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves T as in 12.1( h). 

Proposition 3.1. There exists a geometric quotient W\jG\ and it is a proper open subset 
inside a fibre bundle over N(3, 4, 3) x P 2 with fibre P 20 . Moreover, W\/G\ is isomorphic 
to X\. In particular, Xi is irreducible and has codimension 3. 
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Proof. The first statement can be proved identically as 2.2.2 [9]. Let W[ be the locally 
closed subset of Wi given by the following conditions: <piz = 0, ipu is semi-stable as 
a Kronecker ^-module, (p%2 has linearly independent entries. Let £ C W[ be the G\- 
invariant subset given by the condition 

ip2i = Vmu + vip n , u e Hom(4C(-2), C(-l)), v e Hom(3£>(-l), 20). 

As at loc.cit., we can construct a vector bundle Q over N(3, 4, 3) x P 2 of rank 21 such that 
F(Q) is a geometric quotient of W( \ S modulo Gi. Then W\/G\ is a proper open subset 
ofP(Q). 

Let J 7 give a point in Xi and let Q = J-" D (1). The Beilinson tableau (2.2.3) [2] for Q 
takes the form 

2C(-2) J^O(-l) . 

30(-l) — 4(9 

As in the proof of 2.2.3 [9], we have K,er((fi) ~ C(— 3) and an exact sequence 

— > 0(-3) © 3C(-1) — ► AO — >G — ► Coker{cpi) — > 0, 

yielding the resolution 

— )• C(-3) — )• C(-3) © 2C(-2) © 30(-l) — > O(-l) © 4C — > ^ — > 0. 

Since H 1 (^) = 0, we see that 0(— 3) can be canceled yielding the dual of resolution 
2.1(h). □ 

Proposition 3.2. The sheaves Q from are precisely the non-split extension sheaves 
of the form 

o — >s — >g — ^C, — >■ 0, 

where C x is the structure sheaf of a point x G P 2 ; £ gives a point in Mp2(6, 3) and satisfies 
the conditions h°(£(-l)) = 0, h 1 ^) = 1. 

The generic sheaves Q from Xf are oj 'the form Oc{3)(—Pi — - ■ - — Pq + Pj) , where Pi are 
seven distinct points on a smooth sextic curve C C P 2 and P\, . . . ,Pq are not contained 
in a conic curve. 

By duality, the generic sheaves in Xi are of the form Oc(l)(Pi + • • • + P% — Pj). 

Proof. Assume that Q gives a point in Xf, i.e. Q ~ Coker((p T ) for some morphism (p as 
in 2.1(h). From the snake lemma we get an extension 

o — ► s — >• g — ». c x — ». o, 

where x is the common zero of the entries of ^22 and £ has a resolution 

— + 0(-3) © 3C(-1) ^ AO ^ £ ^ 0, 

1P12 = fn- From 5.3 |7] we know that £ gives a point in M P 2(6, 3) and satisfies the coho- 
mological conditions from the proposition. Conversely, any such sheaf £ is the cokernel 
of an injective morphism ip for which ipi2 is semi-stable as a Kronecker V^-module. Given 
a non-split extension of C x by £, we apply the horseshoe lemma to the above resolution 
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of £ and to the standard resolution of C x tensored with 0{— 1). The map 0{ — 1) — > C x 
lifts to a map 0(—l) — >■ £7 because H 1 (£(l)) = 0. We obtain a resolution 

— ► £>(-3) — >• 0(-3) © 20(-2) © 3£>(-l) — ► O(-l) © AO — ► — ► 0. 

Since Ext 1 ^, 40) = 0, we can deduce, as in the proof of 2.3.2 [9], that the morphism 
0(— 3) — >■ 0(— 3) is non-zero. We cancel C(— 3) to get the dual to resolution 2.1(h). 

Let X 10 C X\ be the open subset of points given by sheaves T = Coker((p) for which the 
maximal minors of tpu have no common factor. Let Xf C Mp2(6,4) be the dual subset. 
According to PQ, propositions 4.5 and 4.6, the sheaves Coker{ipx2), where the maximal 
minors of ipn have no common factor, are precisely the twisted ideal sheaves Xz(3), where 
Z C P 2 is a zero-dimensional scheme of length 6 not contained in a conic curve. It follows 
that the sheaves Q giving points in X° are precisely the non-split extensions of C x by 
i7z(3), where Jz C 0c is the ideal sheaf of a subscheme Z as above contained in a sextic 
curve C. Take C to be smooth and take Z to be the union of six distinct points different 
from x. Then Q ~ C (3)(-Pi P 6 + x). □ 

Proposition 3.3. Lei T be a sheaf giving a point in M P 2 (6, 2) and satisfying the conditions 
h (.F(-l)) = 0, h^J 7 ) = 1. Then h^J 7 © fi^l)) = 1 or 2. 77ie s/jeaves ^n toe /irs£ case 
are precisely the sheaves with resolution of the form 

— ► 0(-3) © 0(-2) © 0(-l) -A 30 — >■ .F — ► 0, 
where is not equivalent to a morphism of any of the following forms: 



-k 


k 


•k 




-k 


k 


★ 




-k 
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•k 


-k 







V2 = 


-k 





-k 


y?3 = 


-k 


k 


-k 


-k 









-k 





-k 




-k 









Proof. Let J 7 give a point in Mp2(6, 2) and satisfy the cohomological conditions from the 
hypothesis. Write m = h^J 7 © As in the proof of 2.1.4 [5], the Beilinson free 

monad for J 7 leads to a resolution 

— ► 0(-3) © 0(-2) © m0(-l) (m - 1)0(-1) © 30 — ► J 7 — >■ 

in which (p 13 = 0. As J 7 maps surjectively onto Coker(<pn, ^12), we have m < 3. If m = 3, 
then Coker(ifix,ipi2) has slope —1/3, so the semi-stability of J 7 gets contradicted. Thus 
m = 1 or 2. Assume for the rest of this proof that m — 1. We have a resolution 

— ► 0(-3) © 0(-2) © 0(-l) -A 30 — ► F — ► 0. 

The conditions imposed on ip follow from the semi-stability of J 7 . Conversely, we assume 
that J 7 has a resolution as in the proposition and we need to show that there are no 
destabilising subsheaves. Assume that £ C J 7 is a destabilising subsheaf. We may take 
£ to be semi-stable. As J 7 is generated by global sections, we have h°(£) < h°(J 7 ). 
Thus £ gives a point in M P 2(r, 1) or M P 2(r, 2) for some r, 1 < r < 5. According to 12.31 
the situation in which Ps(t) — 3t + 1 is unfeasible. Moreover, we have h°(£(— 1)) = 0, 
h°(£ © ^ 1 (1)) < 1- From the results in [2] and [H] we see that £ may have one of the 
following resolutions: 

(1) 0— >0(-l) ^0^£^O, 
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(2) — + 0(-2) — ► O ^£ — )• 0, 

(3) — ► 0(-2) © 0(-l) ^20^£^O, 

(4) — ► 20(-2) — > 20 — > £ — ► 0, 

(5) — > 20(-2) © 0(-l) ^ £>(-i) ©20 ^£ ^0, 

(6) — + 3C(-2) — )■ C(-l) ©2£> ^£ — ► 0, 

(7) — > 30(-2) © C(-l) — y 2C(-1) ©20 — ► £ — ► 0. 

Each of these resolutions must fit into a commutative diagram like diagram (*) at 3.1 



[TO] in which a is injective on global sections. For the first four resolutions a must be 
injective and we get the contradictory conclusions that p ~ pi, p ~ p> 2 or p ~ ip 3 . If £ 
has resolution (5), then j3 cannot be injective, hence a is not injective, hence K,er{a) ~ 
K,er(f3) ~ C(— 1) and we conclude, as in the case of resolution (4), that ip ~ p 3 . If £ 
has resolution (6), then, again, fCer(a) ~ 0(— 1) — fCer(fl), which is absurd, because 
0(— 1) cannot be isomorphic to a subsheaf of 30(— 2). For resolution (7) we arrive at a 
contradiction in a similar manner. □ 

Let W 2 = Hom(C(-3) © 0{-2) © O(-l), 30) and let W 2 C W 2 be the set of morphisms 
(p from proposition 13.31 Let 

G 2 = (Aut(£>(-3) © 0{-2) © 0{-l)) x Aut(30))/C* 

be the natural group acting by conjugation on W 2 . Let X 2 C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves of the form Coker(p), p e W 2 . 

Proposition 3.4. There exists a geometric quotient W2/G2, which is isomorphic to X 2 . 
In particular, X 2 is irreducible and has codimension 3. 

Proof. Diagram (2.2.3) [2] for a sheaf J 7 giving a point in X 2 takes the form 

40(-2) JfU30(-l) -^*0 ■ 







0{-l) 



•pi 



30 



As in the proof of 2.2.4 [9], we may assume that p\ and p 2 are given by 
" -Y -Z 0" 

<P!= x -z , ^ 2 = [ x y z ] . 

X Y J 

Thus /CerOO ~ 0(-3) © 0{-2) andlm(^i) = JCer(p 2 ). The exact sequence (2.2.5) [2] 
takes the form 

— ► C(-3) © 0(-2) ^ Coker{p A ) — »• .F — > 0. 

By 2.2 [2J, (^4 is injective. Clearly y? 5 lifts to a morphism p' 5 : 0(-3) © 0(-2) ->■ SO. We 
obtain the resolution 



— ► 0(-3) © 0(-2) © 0{-l) 



30 



7 



0. 
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This proves that the map W 2 — > X 2 is a categorical quotient. According to [TT] . remark 
(2), p. 5, X 2 is normal. Applying [T2], theorem 4.2, we conclude that the map W 2 — > X 2 
is a geometric quotient. □ 



4. The codimension 5 stratum 

Proposition 4.1. The sheaves T giving points in Mp2(6,2) and satisfying the cohomo- 
logical conditions 

h°(^(-i)) = o, h 1 (j=) = i, = 2 

are precisely the sheaves with resolution of the form 

— >• 0(-3) © 0(-2) © 20(-l) -A C(-l) © 30 — ► .F — ► 0, 

where ipi 2 7^ ; <^i 3 = 0, fn is not divisible by ipi 2 and ip 23 has linearly independent 
maximal minors. 

Proof. At 3.3 we proved that a sheaf T giving a point in Mp2(6,2) and satisfying the 
above cohomological conditions has a resolution as in the proposition. The conditions 
imposed on ip follow from the semi- stability of J 7 . 

Conversely, assume that J 7 has a resolution as in the proposition. Assume that there 
is a destabilising subsheaf £ C T . We may assume that £ is semi-stable. From the snake 
lemma we obtain an extension 







r 



J 7 



where Z is the zero-dimensional scheme of length 2 given by the ideal (^11,^12) an d T' 
has a resolution 

— + £>(-4) © 2£>(-l) A 30 — ► T' — ► 

in which ip u = <p 2 3- According to 5.2 [TO], T' gives a point in M P 2(6,0) and the only 
subsheaf of T' of slope zero, if there is one, must be of the form Ol[—1) for a certain line 
L C P 2 . It follows that £ must have Hilbert polynomial P £ (t) = 2t + 1, t + 2 or t + 1. If 
Pf(t) = 2t + 1, then £ is the structure sheaf of some conic curve C C P 2 . We obtain a 
commutative diagram with exact rows and injective vertical maps 



*<D{-2) 



0{-3) © 0{-2) © 20{-l) 



O 



0(-l)©30 



o 



c 



. 







Taking into account the possible canonical forms for /3, we see that (p is represented by a 
matrix having one of the following forms: 



* 

-k -k * 
-k -k -k 



* * 
-k -k -k 

* * * 



* * 

* * 

-k -k -k -k 
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In each of these situations the hypothesis on (p gets contradicted. If Pg(t) = t + 1, then 
£ is the structure sheaf of some line LcP 2 and we obtain a contradiction as above. The 
case in which Ps(t) = t + 2 is not feasible because in this case £ ~ yet H°(£ (— 1)) 

must vanish because the corresponding group for J 7 vanishes. □ 

Let W 3 = Hom(C(-3) © 0(-2) © 20(-l), O(-l) © 30) and let W 3 C W 3 be the set of 
morphisms (p from proposition 14.11 Let 

G 3 = (Aut(C(-3) © 0(-2) © 2C(-1)) x Aut(C(-l) © 30))/C* 

be the natural group acting by conjugation on W 3 . Let X 3 C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves of the form Coker(ip), ip e W 3 . 

Proposition 4.2. The generic sheaves in X 3 have the form Oc(2)(— P\ — P2 — P3+P4+P5); 
where C CP 2 is a smooth sextic curve, Pi are five distinct points on C and P lf P 2 , P 3 are 
non-colinear. In particular, X 3 lies in the closure of X±. Moreover, X 3 also lies in the 
closure of X 2 . 

Proof Let X 30 C X 3 be the open subset given by the following conditions: the equation 
det(y?) = determines a smooth sextic curve C C P 2 , the scheme Z from I4TT1 consists 
of two distinct points P 4 , P 5 , the maximal minors of ip 23 have no common factor and 
the subscheme FcP 2 they determine consists of three distinct points Pi,P 2 ,P 3 , which 
are also distinct from P4 and P5. Let J 7 give a point in X 3 o- According to 5.2 [TO] , 
the sheaf J 7 ' from 14. ll is isomorphic to Oc*(2)(— Pi — P 2 — P 3 ), hence J 7 is isomorphic to 
Oc{—P\ — P2 — P3 + P4 + P§)- Conversely, we must show that any such sheaf J 7 gives 
a point in A 3 o. We claim that .F(l) has a global section that does not vanish at P4 or 
P 5 . The argument can be found at 2.3.2 [9] and it will be reproduced here for the sake of 
completeness. Let H (Oz) -> C be the linear form of evaluation at P», % = 4, 5. Let 
5: B°(Oz) — > H 1 ((9c(3)(— Y)) be the connecting homomorphism arising from the exact 
sequence 

— ► O c (3)(-Y) — ► J-(l) — »- O z — »- 0. 

We must show that each £j is not orthogonal to Ker(<5) or, which is the same, that each 
Si is not in the image of the dual map 5*. By Serre duality 5* is the restriction morphism 

R°(O c (Y)) = R (Oc(-3)(Y)®u c ) — ► R°((O c (-3)(Y) ® u c )\z) = R°(O c (Y)\ z ). 

We have the identity B°(O c (Y)) = B°(O c ) = C. This follows from the fact that the 
connecting homomorphism associated to the exact sequence 

— ► O c — »• — »• — ► 

is injective. By Serre duality, this is equivalent to saying that the restriction morphism 

H°(O c (3)) = H°(O c © u c ) a°((O c ®u c )\y) = H°(O c (3)|y) 

is surjective, and this is obvious. The claim now easily follows. We may now apply the 
horseshoe lemma to the extension 

— > O c (2)(-r) — »• -P — > — )> 
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and to the resolutions 

— ► C(-4) — + C(-3) © 0(-2) — >• £>(-l) — >• — >• 0, 

— ► 0(-4) — ► l z {2) — ► Oo(2)(-r) — ► 0. 
Here Xy C CV is the ideal sheaf of Y. We obtain the resolution 

— ► C(-4) — ► C(-4) © £>(-3) © 0(-2) — ► 0(-l) ©Xy(2) — ► X" — > 0. 

As in the proof of 2.3.2 [9], we can show that the morphism 0(— 4) — >■ 0{— 4) above is 
non-zero. The argument uses the fact that Ext 1 ((!?2,Xy(2)) = 0. The vanishing of this 
group follows from the vanishing of Hom((9^, Oy) and of Ext^C^, C(2)), in view of the 
long Ext-sequence associated to the exact sequence 

— > Xy(2) — ► 0(2) — ► Oy — ► 0. 

Canceling O (—4) and taking into account that Xy(2) ~ Coker(ip) for some morphism 
■0: 20(— 1) — > 30 that is represented by a matrix with linearly independent maximal 
minors generating the ideal of Y (cf. the proof of 2.3.4(i) [9]), we obtain a resolution 

— > C(-3) © 0(-2) © 2C(-1) -A C(-l) © 3C — > 7 — > 0, 

in which <^ 13 = 0, y9 23 = ^ and v ? n,V 9 i2 generate the ideal of Z. It is clear now that J 7 
gives a point in X 30 . 

To show that X 3 is included in X\ we choose a point in X 3 represented by the sheaf 

O c (2)(-P 1 -P 2 -P 3 + P, + P 5 ). 

We may assume that the line through Pi and P 2 intersects C at six distinct points 
-Pi; P21 Qii Q21 Qz-i Q<ii which are also distinct from P4 and P5. Then 

O c {2){-P 1 - P 2 - P 3 + P 4 + P 5 ) ~ O c (l)(Qi + Q2 + Q3 + Q4-P3 + P4 + P 5 ). 

Clearly, we can find points Ri on C converging to Qi, 1 < % < 4, which are distinct from 
P 3 and such that Pi, P2, P3, P4, P4, P5 do not lie on a conic curve. According to 13.21 the 
sheaves 

O c {l){Ri + P 2 + P 3 + P 4 - P 3 + P 4 + P 5 ) 
represent points in X\. These points converge to the chosen point in A 3 . Thus X 3 C X\. 

Taking into account the description, found at 3.3, of sheaves giving points in X 2 , it is 
clear that for generic tp G W3 and for t G C* in a neighbourhood of zero the morphism 
ip + tir is injective and its cokernel gives a point in X 2 . Here 7r is projection onto the 
last component followed by injection into the first component. Clearly [Coker(ip + tn)] 
converges to [Coker(<p)] as t tends to 0. Thus A 3 C X 2 . □ 

Proposition 4.3. There exists a geometric quotient W3/G3 and it is a proper open subset 
inside a fibre bundle with fibre P 22 and base Y x N(3, 2, 3), where Y is the Hilbert scheme 
of zero- dimensional subschemes ofF 2 of length 2. Moreover, W3/G3 is isomorphic to X 3 . 

Proof. The construction of W 3 /G 3 is identical to the construction of the quotient at 3.2.3 
|9] . Let W 3 C W 3 be the locally closed subset given by the conditions of 14.14 except 
injectivity. Let S C W 3 be the G 3 -invariant subset given by the condition 

<P2i = <Pziu + v<pu, u G Hom(£>(-3) © C(-2), 2C(-1)), v G Hom(0(-1), 30). 
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As at loc.cit., we can construct a vector bundle F over Y x N(3, 2, 3) of rank 23 such that 
F(F) is a geometric quotient of W£ \ £ modulo G3. Then W3/G3 is a proper open subset 
ofP(F). 

Let F give a point in X3. The Beilinson tableau (2.2.3) [2] for F has the form 

4C(-2)— 4C(-1)^-C . 

2 £>(-l)— 30 

As at 6.5 [in], we have /Cer(y?i) ~ 0[— 4) and /Cer(y9 2 ) /Fm(ipi) ~ (9^ for a scheme 
Z C P 2 of dimension zero and length 2. The exact sequence (2.2.5) [2] takes the form 

— ► C(-4) ^> Cofcer(<^ 4 ) — >• J 7 — > C z — > 0. 

We claim that .F(l) has a global section which maps to a global section of Oz that 
generates this sheaf as an C P 2-module. We have h°(Cofcer(<£> 5 )(l)) = 7, h^J^l)) = 8, 
hence F(l) has a global section mapping to a non-zero section s of Oz- Consider an 
extension 

— > C 21 — )• O z — )• c 22 — > 0, 
where 21,22 are not necessarily distinct points in P 2 . If s maps to zero in C 22 , then s 
generates C Zl . Let J 7 ' be the preimage of C Zl in F. We apply the horseshoe lemma to 
the extension 

— ► Coker((p 5 ) — y F' — ► C Zl — > 

and to the resolutions 

— ► C(-4) © 2C(-1) — y 30 — y Coker{^) — y 0, 

— ► C(-3) — ► 2C(-2) — + O(-l) — ► C 2l — ► 0. 
We obtain the resolution 

— ► C(-3) — ► 0(-4) © 2£>(-2) © 2£>(-l) — > O(-l) © 30 — ► J"' — ► 

from which we get the relation h°(F') = 4. This is absurd, h°(F') cannot exceed h°(F). 
Thus the image of s in C Z2 is non-zero. When Z\ = z 2 this is enough to conclude that 
s generates Oz- When z\ ^ Z2 we revert the roles of Z\ and z<i in the above argument 
to deduce that s also does not vanish at z±, so s generates Oz- We can now apply the 
horseshoe lemma to the extension 

— ► Coker{<£ 5 ) — y F — > O z — ► 0, 

to the above resolution of Coker(ip 5 ) and to the resolution 

— )• 0(-4) — > C(-3) © 0(-2) £>(-l) — > C z — > 0. 

We obtain a resolution of the form 

— ► 0(-4) — ► 0(-4) © £>(-3) © 0(-2) © 2C(-1) — ► £>(-l) © 30 — ► F — ► 0. 

Since h 1 (J r ) = 1, the morphism 0(— 4) — >• 0(— 4) above is non-zero. Canceling 0(— 4) 
we arrive at resolution 14.11 In view of the method at 3.1.6 [2], we have proven that the 
canonical bijective map W3/G3 — y X 3 is an isomorphism. □ 
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Proposition 4.4. The sheaves J 7 giving points in M P 2(6,2) and satisfying the cohomo- 



logical conditions h°(J 7 (— 1)) 
of the form 



1, h (J 7 ) = 1 are precisely the sheaves having resolution 



— ► 0(-3) © 20(-2) -A 2C(-1) © 0(1) — ► .F — )■ 0, 

where p> is not equivalent to a morphism represented by a matrix having one of the fol- 
lowing forms: 



* 

-k -k -k 
-k -k -k 



* * 

* * 

-k -k -k 



0* 

-k -k -k 
-k -k -k 



* * 
* * 

-k -k -k 



Proof. Let J 7 give a point in Mp2(6, 2) and satisfy the cohomological conditions from the 
proposition. Write m = h°(J-<8> The Beilinson free monad (2.2.1) [2] for T reads 

— > C>(-2) — > 5C(-2) © mO(-l) — )> (m + 2)0(-l) © 3C — >• — > 

and gives the resolution 

— > 0(-2) — > 5£>(-2) © mO(-l) — ► ft 1 © (m - l)O(-l) ©30 — > 7 — 

Using the Euler sequence and arguing as at 2.1.4 [9| we arrive at a resolution 

— ► 0(-2) -U £>(-3) © 20{-2) © mC(-l) (m - l)O(-l) © 30 — ► F 





0. 



0. 



77 





V31 



<P11 
¥21 



V12 

V22 ¥23 



As at loc.cit., the entries of 7731 span V*, hence m > 3. From the fact that J 7 maps 
surjectively onto Coker((pn, P12) we get the reverse inequality. Thus m = 3, Coker(r] 3 i) ~ 
H 1 (l) and we have a resolution 











0(-3) © 20(-2) © 20(-l) © 30 — > J 7 

in which <£>i3 = 0. Arguing as at loc.cit., we can show that Coker((p23) — 0(1)) so we 
arrive at a resolution as in the proposition. The conditions imposed on (p follow from the 
semi-stability of J 7 . 

Conversely, we assume that J 7 has a resolution as in the proposition and we must show 
that there are no destabilising subsheaves. Write 



Ql 

Q2 



11 

?21 



'12 
^22 



1p= [<Pll Vl2 ] 

As noted at 4.1 [10], the conditions on ip in the proposition are equivalent to saying that 

7^ and 



"11 

?21 



-12 
*22 



<?i ^11 




<?i ^12 


<?2 4l 


7 


<?2 ^22 



are linearly independent in S 3 V*/(£n£22 — ^12^21)^*. Thus the maximal minors of ip 
cannot have a quadratic common factor. It follows that Ker(ip) ~ 0(— 4), if the maximal 
minors of ip have a linear common factor, or K,er{ip) ~ 0(— 5), if they have no common 
factor. From the snake lemma we have an exact sequence 

— ► Ker{ip) — > 0(1) — > T — > Coker(ip) — ► 0. 
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Assume that Ker{iji) ~ 0(— 4). Because of the conditions on ip it is easy to check that 
Coker(ip) has zero- dimensional torsion of length at most 1. Assume that Coker(ip) has 
no zero- dimensional torsion. Then Coker(ip) ~ Ol(1) for a line L C P 2 and we have an 
extension 

— ► O c (l) — ► 7- — ► — ► 0, 

where C C P 2 is a quintic curve. Let J 7 ' C T be a non-zero subsheaf of multiplicity at 
most 5. Denote by C its image in Ol{1) and put /C = J 7 ' fl 0c (1)- Let ^4. be a sheaf as in 
3.1.2 |9J. If C = 0, then p(J 7 ') < because Oc(l) is stable. We may, therefore, assume 
that C 7^ 0. We can estimate the slope of J 7 ' as at loc.cit.: 

P^(t) = Pjc(t)+P c (t) 

= P A (t) - h°(A/JC) + P OL (i)(t) - h (O L (l)/C) 
d 2 — ^d 

= (5 - d)t + — — - + t + 2- h°{A/K) - h°(O x (l)/C), 
where d is an integer, 1 < d < 4. Thus 

= <ihi + 2 - h °<^ - h ° ( ° i(1)/C) ) £ < 5 = ^ 

We see that in this case J 7 is stable. Assume next that Coker(i/j) has a zero-dimensional 
subsheaf T of length 1. Let £ be the preimage of T in J 7 . According to 3.1.5 [9], £ 
gives a point in Mp2(5, 1). Let J 7 ' and C be as above. If C C T, then J 7 ' C £, hence 
p(^ r/ ) < p(£) < If C is not a subsheaf of T, then we can estimate the slope of J 7 ' 

as above concluding again that it is less than the slope of J 7 . 
Assume now that JCer(ip) ~ 0{— 5). We have an extension 

o^o c (i)^^-^r^o, 

where C C P 2 is a sextic curve and T is a zero-dimensional sheaf of length 5. Let J'c J 
be a subsheaf of multiplicity at most 5, let T 7 be its image in T and put JC = J 7 ' fl 0^(1) . 
As above, we have 

P K (t)+h°(T') 

p^(t)-h°(^//c) + h (r) 

(6 _ d)f + d 2 ~5d-Q _ h o {A/]c) + h o (r)) 

d+1 h°(T') - h°(^//C) _d+_l 5 
2 + 6-d ~ 2 + 6-<f 

where d is an integer, 1 < d < 5. We see from this that p(-7 7/ ) < p(-? r ) except, possibly, 
when d = 5 and Pjf(t) = t + 1 or t + 2, i.e. when J 7 ' is isomorphic to Ol or Cz(l) for a 
line L C P 2 . These situations can easily be ruled out. If, say, Ol were a subsheaf of J 7 , 



P-F'W = 



pen = 
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then we would get a commutative diagram 

0{-l) O O 

P 

0(-3) © 20{-2) 20{-l) © 0(1) T 

in which a is injective, because it is injective on global sections. Thus is also injective, 
which is absurd. We conclude that T is stable. □ 

Let W 4 = Hom(C(-3) © 2C(-2), 2C(-1) © 0(1)) and let W 4 C W 4 be the set of 
morphisms (f from proposition 14.41 Let 

G A = (Aut(£>(-3) © 2£>(-2)) x Aut(2C(-l) © 0(1)))/C* 

be the natural group acting by conjugation on W 4 . Let X 4 C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves of the form Cofcer (<£>), e W±. 

Proposition 4.5. There exists a geometric quotient W4/G4, which is isomorphic to X 4 . 
In particular, X 4 is irreducible and has codimension 5. 

Proof. The Beilinson diagram (2.2.3) [2] for the dual sheaf Q = J rD (l) giving a point in 
Mp2(6,4) has the form 

3£>(-2)-^3£>(-l)^-0 . 



As in the proof of 2.2.4 [9J, we have /Cer(<^ 2 ) = Tm((pi) and Ker{pi) ~ 0(— 3). Combining 
the exact sequences (2.2.4) and (2.2.5) [2] we get the resolution 

— ► 0{-2) A 0(-3) © 50(-l) — )■ 50 — >• — ► 0. 

As in the proof of 2.1.4 [9j , we have Coker(vb) ~ 0(-3) © 2£>(-l) © ^(1). We get the 
resolution 

— ► 0(-3) © 2C(-1) © 0^1) -A 50 — >• 6? — ► 0. 

As at loc.cit., we have Coker(ipis) ~ 20 © 0(1). We finally arrive at the resolution dual 
to resolution I4.4t 

— ► 0(-3) © 20(-l) — > 20 © 0(1) — — ► 0. 

This proves that the map W& — > A 4 is a categorical quotient. According to |11] . remark 
(2), p. 5, A 4 is normal. Applying [12], theorem 4.2, we conclude that the map W4 —> A 4 
is a geometric quotient. □ 

Proposition 4.6. The generic sheaves in X 4 are of the form Oc(l)(Pi~\ — ' + P5), where 
C C P 2 is a smooth sextic curve and Pi are five distinct points on C , no three of which 
are colmear. In particular, X 4 lies in the closure of X\ . 
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Proof. Let X 40 C X 4 be the subset denned by the following conditions: the sextic curve 
C given by the equation det(<p) = is smooth, the conic curve F given by the equation 
/ = ^11^22 ~ ^12^21 = is irreducible, there are constants Ci,c 2 G C such that the cubic 
curve G with equation 

' 9i 



Cl 



9i 

?2 



11 

?21 



+ c 2 



92 



E-12 
?22 







meets F at six distinct points Pi, . . . , P 6 (notations as at 14. 4p . Let J 7 = Coker((p) give a 
point in X40. Performing, possibly, column operations on the matrix representing ip we 
may assume that c\ = 0, c-i = 1 and that P6 is given by the equations £12 = 0, £22 = 0. 
Then Coker(ip) ~ where Z is the union of Pi, . . . , P5. As at I4.4[ J 7 is an extension of 

C z by Ocil), hence J 7 ~ O c (l)(Pi H h P 5 ). Since Pi, . . . , P 5 are on the irreducible 

conic F, no three of them are colinear. 

Conversely, we must show that every sheaf of the form Oc(l)(Pi + • • • + P5) gives a 
point in X 40 . Let F C P 2 be a conic curve containing Pi, ... , P 5 . Because these points 
are assumed to be in general linear position, F is irreducible. Choose a sixth point 
Pq G F distinct from the others. Let G C P 2 be a cubic curve meeting F precisely at 
Pi, . . . , Pg (for example, the union of the three lines P1P2, P3P4, P^Pq)- Choose equations 
/ = 0, g — for F, G. Choose equations £12 = 0, £22 = for P 6 . We may write 
/ = ^11^22 - iishi, 9 = qi?22 - 92^12 for some £ u ,£ 2 i G V* and q u q 2 G S 2 ^*. Let 
ip: 0{— 3) © 20(—2) — > 20{— 1) be the morphism represented by the matrix 



9i 

92 



'11 

f 21 



'12 
? 22 



We have Coker(ip) ~ (9^, where Z is the union of Pi,...,P 5 . By construction, the 
maximal minors of ip have no common factor, hence )Cer(ip) ~ 0{—5). We apply the 
horseshoe lemma to the extension 

— ► OciX) ^F^Oz^O, 

to the standard resolution of OciX) and to the resolution 

— ► C(-5) — ► C(-3) © 20(-2) A 2C(-1) — + C z — ► 0. 

We claim that the morphism 20 (— 1) — >■ lifts to a morphism 2(9 (—1) — > J 7 . To see 
this let a: H°(2C) -> H°(C Z ) be the induced morphism and let 5: H°(C Z ) ->■ H x (O c (2)) 
be the connecting homomorphism associated to the exact sequence 

— > C (2) — > Oo(2)(Pi + • • • + P 5 ) — > C?z — > 0. 

We must show that 5oa = 0. We will show that a* o 5* = 0. Taking duals in the above 
resolution of Oz we obtain the resolution 

— »• 20(-3) — )• 20(-2) © C(-l) — )• 0(1) — > ^xt 2 (C z ,w p2 ) — ► 0. 

The induced map on global sections 

V* ~ H°(C(1)) — > H°(^xt 2 (C z ,w P 2)) ~ Ext 2 (C z ,u; P 2) ~ H°(O z )* 

can be identified with 5* because, by Serre duality, 5* is the restriction homomorphism 

V* ~ H°(O c (l)) ~ H°(0 C (2)* © Wc ) ~ R 1 {O c {2)y — ► H°(O z )*. 
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The induced map 

Ext 2 (C z ,w P 2) ~ R°(Sxt 2 (O z ,uJ ¥ 2)) — y H 2 (2C(-3)) ~ Ext 2 (2C>, w p2 ) 

can be identified with a*. It is clear now that we have a* oS* = 0, proving the claim. We 
obtain the resolution 

— ► £>(-5) — ► C(-5) © C(-3) © 20(-2) — -> 2C(-1) © 0(1) — ► ^ — > 0. 

Since Ext 1 (0^, 0(1)) = 0, the argument at 2.3.2 [9J applies to show that the morphism 
0{— 5) — >■ C(— 5) above is non-zero. Canceling 0{— 5) we obtain a resolution that places 
J 7 in X 40 . 

The inclusion X4 C Xi follows from the fact that any sheaf of the form 0e(l)(-Pi + 
• • • + P 5 ) as above is the limit of a sequence of sheaves Oq(1)(Pi + ■ ■ ■ + P 6 — P 7 ) as at 
l3~2l □ 

Proposition 4.7. X 4 /zes in the closure of X 2 . 

Proof. The argument can be found at 2.1.6 [9J and can be traced back to 3.2.3 [2]. Let 
Y C M P 2(6,4) be the subset of stable-equivalence classes of sheaves Q satisfying the 
conditions h (£/(— 1)) = 1, h°(Q(— 2)) = 0. We claim that for any such sheaf we have the 
relation h°(£ © Q 1 ) = 0. To see this denote m = h°(Q © f] 1 ) and consider the Beilinson 
diagram (2.2.3) [2] for Q{-1): 

8£>(-2) — (m + 10)C(-1) — 30 ■ 



mO(-l) -^^O 

As (p^ is injective, we have m — or 1. If m = 1, then Coker{<p±) ~ for a line L C P 2 . 
The exact sequence (2.2.5) [2] reads 

— ► /Cer(^) — ► C L — )• £(-1) — )• ICerM/lmM — )• 0. 

The map 0£ — >• {?(— 1) is zero because p(Oz) > p({?(— 1)) and both sheaves are semi- 
stable. Thus Ol — JCer(<fi), which is absurd. 

Using the Beilinson monad for G(—l) we see that Y is parametrised by an open subset 
M inside the space of monads 

— ► 8C(-1) A 10C © 0(1) A 30(1) — ► 

satisfying B X2 = 0. Consider the map $: M -»■ Hom(10O, 30(1)) defined by $(A, B) = 
Using the vanishing of H 1 (^(l)) for an arbitrary sheaf Q giving a point in Y (cf. 
2.1.3 [2J), we can prove that M is smooth and that <3> has surjective differential at every 
point. This further leads to the conclusion that the set of monads in M whose cohomology 
sheaf Q satisfies the relation h x (Q) = 1 is included in the closure of the set of monads for 
which h x (Q) = 0. Thus X% lies in the relative closure of X£ U X° in Y. It follows that 
X 4 C X 2 U X 3 . Since X 3 C X 2 , the conclusion follows. □ 
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5. The codimension 7 stratum 

Proposition 5.1. The sheaves J 7 giving points in Mp2(6, 2) and satisfying the conditions 
h°(J r (— 1)) = 1, h 1 (J r ) = 2 are precisely the sheaves having resolution of the form 

— > 20(-3) © 0(-l) ^ 0{-2) © © 0(1) — > T — > 0, 

•where ipu has linearly independent entries, (f22 7^ and does not divide pw 

Proof. Let J 7 give a point in M P 2(6,2) and satisfy the cohomological conditions from 
above. Put m = h^J 7 ® Let Q = J-" D (1). The Beilinson monad for Q gives the 

resolution 

— ► 20(-2) — ► 4C(-2) © (m + 2)C(-1) — ► fi 1 © (m - 3)C(-1) © 5£> — ► Q — ► 0. 
Using the Euler sequence and arguing as at 2.1.4 [9j we arrive at a resolution 

— ► 20(-2) A C(-3)©C(-2)©(m + 2)C(-l) (m-3)C(-l)©5C — ► — ► 0, 

V?12 
(^21 <^22 V?23 _ 

Arguing as in the proof of 3.2.5 [9], we see that, modulo operations on rows and columns, 
■031 is represented by a matrix of the form 

X Y Z ■■• 1 T 
X Y Z ■■■ 

Thus m > 4. From the fact that Q maps surjectively onto Coker(tpn, (p^) we get the 
reverse inequality. Thus m — 4, Coker(ip3i) ~ 2f2 1 (l) and we obtain a resolution 

— > 0(-3) © C(-2) © 2fi 1 (l) ^> C(-l) © 50 — »• 3 — »• 0, 

in which y?i3 = 0. Dually, we have the resolution 

— )• 5C(-2) © C(-l) — ► 2ft 1 © O © 0(1) — > 7 — > 0. 

Combining with the standard resolution of Q 1 yields the exact sequence 

— > 2C(-3) © 5C(-2) © O(-l) -A 60(-2) © C © 0(1) — ► J 7 — > 0. 

From the semi-stability of J 7 we see that rank(y?i2) = 5, cf. argument at 2.1.4 [9]. Can- 
celing 50(— 2) we obtain the desired resolution of J 7 . The conditions imposed on <p follow 
from the semi-stability of J 7 . 

Conversely, we assume that J 7 has a resolution as in the proposition and we must show 
that there are no destabilising subsheaves. From the snake lemma we get an extension 

— > J z (2) — > J 7 — > C, — > 0, 

where Jz C Oc is the ideal sheaf of a zero-dimensional subscheme Z of length 2 inside 
a sextic curve C and C x is the structure sheaf of a point. Let J 7 ' C J 7 be a subsheaf of 






V>31 
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multiplicity at most 5, let C be its image in and K, = J 7 ' PI J7~z(2). With the notations 
of 14.41 we have 

= (6 - d)t + d2 ~™ + Q _ h °(>l//C) + h°(C) 

for some integer d, 1 < d < 5, hence 

f . l-d h°(C) - h°(A/K) 1-d 1 

We conclude that J 7 is stable. □ 



Let W 5 = Hom(2C(-3) © C(-l),C(-2) © O © 0(1)) and let W 5 C W 5 be the set of 
morphisms ip from proposition 15.11 Let 

G 5 = (Aut(2£>(-3) © O(-l)) x Aut(0(-2) © © C(l)))/C* 

be the natural group acting by conjugation on W5. Let X 5 C M P 2(6,2) be the set of 
stable-equivalence classes of sheaves of the form Coker(<p), ip G W5. 

Proposition 5.2. There exists a geometric quotient of W§ by G5 and it is isomorphic 
to a proper open subset inside a fibre bundle with fibre P 24 and base P 2 x Y , where Y is 
the Hilbert scheme of zero-dimensional subschemes ofP 2 of length 2. Moreover, W5/G5 
is isomorphic to X5. 

Proof. The construction of W5/G5 is entirely analogous to the construction of the quotient 
at 3.2.3 0. 

Let T give a point in X 5 and let Q = J-" D (1). The Beilinson tableau (2.2.3) [2] for Q 
takes the form 

4£>(-2)— 40(-l)-^*0 ■ 



20(-2) 60(-l) 50 

As at 6.5 [10], we have )Cer(ipi) ~ £){—&) and Ker{ip^)jXm{ip\) ~ (9z for a scheme 
Z C P 2 of dimension zero and length 2. The exact sequence (2.2.5) [2] takes the form 

— ► C(-4) ^> Coker((p 4 ) — >• G — ► — > 0. 

As at 3.2.5 [9], we have Coker(<p 3 ) ~ 2fi 1 (l). This, together with (2.2.4) [2], gives the 
resolution 

— ► 0(-4) © 2^(1) — ^5C — ► Cofcer(^s) — ► 0. 

We claim that G(l) has a global section which maps to a global section of Oz that 
generates this sheaf as an CV-module. To show this we argue as at 14.31 By 2.1.3 [2], the 
group H 1 (^(l)) vanishes, hence we have h°(C/(l)) = 10. Since h°(Coker(ip 5 )(l)) = 9, we 
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see that Q{1) has a global section mapping to a non-zero section s of Oz- We have an 
exact sequence 

— ► — ► O z — ► C Z2 — >• 0, 

where zi,Z2 are not necessarily distinct points in P 2 . If s maps to zero in C Z2 , then s 
generates C 2l . Let P' be the preimage of C Z1 in J 7 . We can apply the horseshoe lemma 
to the extension 

— > Coker(ip 5 ) — > P' — > C Zl — > 0, 

to the above resolution of Coker{ip§) and to the standard resolution of C Zl tensored with 
0{— 1). We obtain the exact sequence 

— ► C(-3) ^ £>(-4) © 20(-2) © 2fi 1 (l) — > £>(-l) © 50 — ► J"' — ► 0. 

We have h^J 7 ') = h 2 (Cofcer(») = 3, hence h°(F') = 4. On the other hand, R°(Coker(ip)) 
vanishes, hence h°(P') > 5. This is absurd, so an exact sequence as above cannot exist. 
Thus the image of s in C 22 is non-zero and the claim follows as at 14.31 We can now 
combine the resolutions of Oz and of Coker{<p§) from above to get the exact sequence 

— ► 0(-4) — > C(-4) © £>(-3) © 0(-2) © 20 1 (1) — >• O(-l) © 50 — > £ — > 0. 

The map (9 (—4) — >■ (9 (—4) is non-zero because h^{Q) = 1. We may cancel O (—4) to get 
the resolution 

— > 0(-3) © C(-2) © 2fi 1 (l) — > C(-l) © 50 — > 3 — )• 0. 

We saw at 15.11 how this leads to a morphism cp G Ws such that P ~ Coker({p). We 
conclude, as at 3.1.6 [2j, that the canonical bijective map W5/G5 — >■ X 5 is an isomorphism. 

□ 

Proposition 5.3. TTie generic sheaves from X 5 are precisely the non-split extension 
sheaves 

— ► J z {2) ^P^C x ^0, 

where Jz C zrfea/ sheaf of a zero-dimensional scheme Z of length 2 inside a 

sextic curve C C P 2 and C x is the structure sheaf of a point x G P 2 that is not in the 
support of Z . 

There is a dense open subset of X 5 consisting of the isomorphism classes of all sheaves 
of the form Oc(2)(Pi — P2 — Pz)> where C C P 2 is a smooth sextic curve and Pi, P2, P3 are 
distinct points on C . In particular, X 5 lies in the closure of X 3 and also in the closure of 
X 4 . 

Proof. Let P = Coker((p) give a point in X§, where <p is a morphism as at 15.11 Let 
x G P 2 be the point given by the ideal generated by the entries of <pn, let Z C P 2 be the 
subscheme given by the equations ^22 = 0, (^32 = and let C C P 2 be the curve given by 
the equation det(^) = 0. We saw at 15.11 that J 7 is a non-split extension of C x by J7z(2). 
Let X 50 C X 5 be the open subset given by the condition that x be not a subscheme of Z. 
To show that every extension as in the proposition gives a point in X 50 we combine the 
resolutions 

— ► 0(-4) — ► 2C(-3) — ► C(-2) — ► C x — ► 

and 

— »• 0(-4) — )• 2z(2) — »• Jz(2) — »• 0. 
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Here Xz C O^i is the ideal sheaf of Z. We obtain the resolution 

— > C(-4) — > C(-4) © 20(-3) — > 0(-2) © J z (2) — > 7" — > 0. 

The group Ext 1 (C x , Zz(2)) vanishes because a; is not in Z, so we can apply the argument at 
2.3.2 [5] to deduce that the morphism 0(— 4) — >■ 0(— 4) in the above complex is non-zero. 
Canceling O (—4) we obtain the resolution 

— >• 20(-3) — )• 0(-2) ©Z z (2) — > .F — ► 0, 

which shows that J 7 gives a point in X 50 . 

Clearly every sheaf of the form Oo(2) (Pi — P2 — P3) is the limit of a sequence of sheaves 
of the form Oc{2){—Qi — Q2 — Q3 + Q4 + Q5) as at 14.21 (make Qi converge to Q4). Thus 
X 5 cl 3 . To prove that X 5 C X 4 fix a sheaf J 7 = O c (2)(Qi -Pi~ P3) in X 5 . Choosing 
T general enough, we may assume that Qi, P2, P3 are non-colinear and that the line P2P3 
meets C at six distinct points P2, P3, Q2, Q3, Q4, Q<o- Then 

0c(2)(Qi - P 2 - P 3 ) ~ O c (l)(Qi + • • • + Q 5 ). 

Clearly, we can choose five distinct points P« on C converging to Qi, 1 < * < 5, such that 
no three among them are colinear. According to proposition 14.61 0c(l)(Pi + • • • + P5) 
gives a point in X 4 . Thus Cc(2) (Qi — P2 — P3) lies in the closure of X 4 . □ 

6. The codimension 9 stratum 

Proposition 6.1. The sheaves T in Mp2(6,2) satisfying the condition h 1 (J r (l)) > are 

precisely the sheaves with resolution of the form 

— )• 0(-4) © C -A 20(1) — ► J 7 — > 0, 



/1 h 

h h 

where £±,£2 are linearly independent one-forms. These sheaves are precisely the sheaves 
Jx(2), where J x C Oc is the ideal sheaf of a point x on a sextic curve C C P 2 . 

Proof. This statement follows by duality from [10], proposition 6.1. □ 

Let W 6 = Hom(0(-4) © 0,20(1)) and let W e C W 6 be the set of morphisms ip from 
I67T1 Let 

G 6 = (Aut(0(-4) © O) x Aut(20(l)))/C* 
be the natural group acting by conjugation on W 6 . Let X 6 C M P 2(6, 2) denote the set of 
stable-equivalence classes of sheaves of the form Coker({p), ip e W6. 

Proposition 6.2. There exists a geometric quotient Wq/Gq, which is isomorphic to the 
universal sextic E C P 2 x P(S 6 K*). Moreover, Wq/Gq is isomorphic to X 6 , so this is a 
smooth closed subvariety o/Mp2(6, 2) of codimension 9. 

Proof. For the first part of the proposition we notice, as at 3.2 (2] or at 3.2.5 [9], that the 
map Wq — > E defined by 

\ \ — ►(*,</x4-M», 
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x being given by the equations l\ = 0, £ 2 = 0, is a geometric quotient map. The canonical 
morphism p: We — > X$, p((f) = [Coker ((f)], determines a bijective morphism 

v: ^^X 5 , v(x,(f)) = [J x {2)], 

where J x C Oq is the ideal sheaf of x on the curve C given by the equation / = 0. 
As at 6.5 [10], in order to show that v^ 1 is a morphism, we need to construct the pair 
(x, C) starting from E 1 (j7 x (2)). For technical reasons we will work, instead, with E 1 ( l 7J l ). 
Denote Q = J x and notice that Q gives a point in Mp2(6, 10) and is an extension of the 
form 

o — ► e> c (3) — >• g — ► — ► o. 

The Beilinson tableau (2.2.3) [2] for has the form 

20(-2) £>(-!) . 



60 (_2) 150(-1) — 100 

Since is semi-stable and maps surjectively onto Coker(ipi) we see that Coker(<pi) ~ C y 
for a point ?/GP 2 and K.er{ipi) ~ C(— 3). The exact sequence (2.2.5) [2] reads 

— ► C(-4) ^ Coker((p A ) — > — > C y — + 0. 
Denote (/' = Coker((p§). The exact sequence (2.2.4) [2] yields the resolution 

— > 6C(-2) A 0{-A) © 15C(-1) 10C — > 0' — > 0. 

We have h°(</') = 10, hence H°(£') = H°(£). The global sections of (? generate O c (3) 
and Q' is generated by its global sections. Thus Q' = 0e(3). The maximal minors of any 
matrix representing ip' generate the ideal of C because the Fitting support of Q' is C. It 
is clear that x = y. In conclusion, we have obtained the pair (x,C) G S from E 1 ^) by 
performing algebraic operations. □ 

Proposition 6.3. X e lies in the closure of X 5 . 

Proof. Any generic sheaf Oc(2)(—P) in X e , with C C P 2 a smooth sextic curve and 
P G C, is the limit of a sequence of sheaves of the form Oc(2)(Pi — Pi — P) as at 15.31 
(make Pi converge to P?). □ 

7. The moduli space is the union of the strata 

In this final section we shall prove that Mp2(6, 2) is the union of the locally closed subsets 
Xi, . . . ,X Q we found above. 

Proposition 7.1. There are no sheaves J 7 giving points in Mp2(6, 2) and satisfying the 
conditions h°(J"(-l)) = 0, h^J 7 ) = 2. 

Proof. Assume that there is such a sheaf J 7 . Put m = h^J 7 © fi 1 (l)). The Beilinson 
monad for the dual sheaf Q = J 7D (1) gives the resolution 

— »• 2C(-2) — > 4C(-2) © (m + 2)C(-1) -A mO(-l) © 40 — ► £ — »• 0. 
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Since Q maps surjectively onto Coker((pu), we have m < 3. The rest of the proof is 
exactly as at 3.1.3 [9]. Let if>: 20(— 2) — > (m + 2)0(— 1) denote the morphism occurring 
in the above complex. In the case m — 3, say, there are three possible canonical forms for 
if) given at loc.cit., each leading to a contradiction. □ 

Proposition 7.2. There are no sheaves J 7 giving points in Mp2(6,2) and satisfying the 
cohomological conditions 

h (.F(-l)) < 1, h 1 ^) > 3, h^l)) = 0. 

Proof. The argument is the same as at 7.2 pU] with notational differences only. Assume 
that T gives a point in M P 2(6,2) and satisfies the conditions h°(J r (— 1)) = 0, h 1 (J r ) > 3. 
Write p = h 1 (J r ), m = h^J 7 (g) The Beilinson free monad for T reads 

— ► 40(-2) © mO(-l) — > (m + 2)0(-l) © (p + 2)0 p0 — ► 0, 

V>= [?7 0], 

and yields a resolution 

— > 40(-2) © mC(-l) -A /Cerfa) © (p + 2)0 — ► J 7 — > 

in which y9 12 = 0. We have m + 2 — p = rank(/Cer(r])) < 4 because tp is injective. Thus 

h (J"(l)) = 3(p + 2) + h°(/Cer(7/)(l)) - m > 2(p + 2) > 10 

forcing h 1 (J r (l)) > 2. Assume, instead, that h°(J r (— 1)) = 1. The Beilinson monad for 
the dual sheaf Q = J 7D (1) reads 

— ► pO(-2) — > (p + 2)0(-2) © (to + 2)0(-l) — y mO{-l) © 50 — ► — ► 

and leads to a resolution 

— »• p0(-2) — > 0(-3) © (p - l)0(-2) © (m + 2)0(-l) -A 

(to - 3)0(-l) © 50 — ► g — ► 

in which (^13 = 0. Since maps surjectively onto Coker((pu,(pi2), we have to — 3 < p. 
Dualising the above resolution we get a monad for J 7 of the form 

— ► 50(-2) © (to - 3)0(-l) — > (to + 2)0(-l) © (p - 1)0 © 0(1) A p0 — > 0, 

if) = [ T) ] . 

The exact sequence 

— ► 50(-2) © (to - 3)0(-l) — y Ker{rf) © (p - 1)0 © 0(1) — ► 7 — y 
gives the estimate 

h Q (J*(l)) = 3(p - 1) + 6 + h (/Cer(7?)(l)) - (to - 3) > 3p + 6 - m > 2p + 3 > 9. 
We deduce that ^(^(1)) > 1. □ 

Proposition 7.3. Let J 7 be a sheaf giving a point in Mp2(6, 2) and satisfying the condition 
h 1 ^!)) = 0. Then h°(J"(-l)) = or 1. 
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Proof. Let J 7 give a point in M P 2(6,2) and satisfy the condition h 1)) > 2. As at 
2.1.3 [2], there is an injective morphism Oc — > J r (— 1) for a curve C C P 2 . This curve 
has degree 5 or 6, otherwise Oc would destabilise T(— 1). Assume that deg(C) = 5. The 
quotient sheaf C = J- '/0c(l) has Hilbert polynomial P(i) = t + 2 and zero- dimensional 
torsion T of length at most 1 (the pull-back in J 7 of T would be a destabilising subsheaf 
if its length were at least 2). If T =0, then C ~ O l (1) for a line L C P 2 . We get that 
h°(J r (— 1)) = 2 and that the morphism 0(1) — ► 0l(1) lifts to a morphism 0(1) — > J ' . 
The horseshoe lemma leads to the resolution 

— >• 0(-4) © — ► 20(1) — )• J 7 — ► 0. 

Thus h 1 (J r (l)) = 1. Assume now that T has length 1. Let T' C T be the pull-back of 
T. According to 3.1.5 [9], we have h°(.F(-i)) = 1. Since J=jF ~ C/T ^ 0l for a line 
L C F 2 , we get h°(J 7 (— 1)) = 1, contradicting our choice of T . 

Assume now that C is a sextic curve. The quotient sheaf T = J r /0c(l) is zero- 
dimensional of length 5. Let T' C T be a subsheaf of length 4 and let J 7 ' be its preimage 
in J 7 . We claim that J 7 ' gives a point in Mp2(6, 1). If this were not the case, then J 7 ' 
would have a destabilising subsheaf J 7 ", which may be assumed to be semi-stable. By 
proposition 12. 3[ T is stable, so we have the inequalities 1/6 < p(-7 r ") < 1/3. This leaves 
only two possibilities: that T" give a point in Mp2(5, 1) or in Mp2(4, 1). In the first case 
T I T" is isomorphic to the structure sheaf of a line, hence h°(J r (— 1)) = h (J r "(~ 1)) = 
or 1, cf. |9J. This contradicts our choice of J 7 . In the second case T ' jT" is easily seen 
to be semi-stable, hence it is isomorphic to the structure sheaf of a conic curve. We get 
h (.F(-l)) = h (J"(-l)) = 0, cf. !2L contradicting our choice of J 7 . This proves the 
claim, i.e. that T' is semi-stable. We have ^(^'(—1)) > 1 so, according to [TO], there are 
two possible resolutions for J- 7 : 

— + 20(-3) © 0(-2) — ► 0(-2) © 0(-l) © 0(1) — ► T 1 — > 

or 

— ► 0(-4) © 0(-l) — >. © 0(1) — y T' — y 0. 
Assume that J 7 ' has the first resolution. We apply the horseshoe lemma to the extension 

o — >r — > t — > c x — > o, 

to the given resolution of J 7 ' and to the resolution 

— > 0(-l) — > 20 — ► 0(1) — > C x — )• 0. 

As ^(^'(-l)) = 1 and h°(J"(-l)) > 2, the morphism 0(1) ->■ C z lifts to a morphism 
0(1) — > J- '. We obtain the resolution 

— ► 0(-l) — > 20(-3) © 0(-2) © 20 — > 0(-2) © 0(-l) © 20(1) — > 7 — > 0. 

The morphism 0(— 1) — > 20(— 3) ©0(— 2) occurring above is zero andExt 1 (C :c ,0(-2)© 
0(— 1) ©0(1)) = 0, so we can argue as at 2.3.2 [9] to conclude that J 7 is a trivial extension 
of C x by J 7 '. This contradicts the semi-stability of J 7 . Assume, finally, that J 7 ' has the 
second resolution. We can apply the horseshoe lemma as above, leading to the resolution 

— > 0(-l) — > 0(-4) © 0(-l) © 20 — ► © 20(1) — ► 7 — > 0. 

We see from this that h 1 (J 7 (l)) = 1. □ 
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